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Kink scattering from a parity-time-symmetric defect in the φ4 model
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In this paper, we study the φ4 kink scattering from a spatially localized PT -symmetric defect and
the effect of the kink’s internal mode (IM) is discussed. It is demonstrated that if a kink hits the
defect from the gain side, a noticeable IM is excited, while for the kink coming from the opposite
direction the mode excitation is much weaker. This asymmetry is a principal finding of the present
work. Similar to the case of the sine-Gordon kink studied earlier, it is found that the φ4 kink
approaching the defect from the gain side always passes through the defect, while in the opposite
case it must have sufficiently large initial velocity, otherwise it is trapped by the loss region. It is
found that for the kink with IM the critical velocity is smaller, meaning that the kink bearing IM
can pass more easily through the loss region. This feature, namely the “increased transparency”
of the defect as regards the motion of the kink in the presence of IM is the second key finding of
the present work. A two degree of freedom collective variable model offered recently by one of the
co-authors is shown to be capable of reproducing both principal findings of the present work. A
simpler, analytically tractable single degree of freedom collective variable method is used to calculate
analytically the kink phase shift and the kink critical velocity sufficient to pass through the defect.
Comparison with the numerical results suggests that the collective variable method is able to predict
these parameters with a high accuracy.
PACS numbers: 05.45.Yv, 45.50.Tn
I. INTRODUCTION
About 15 yeas ago the standard notion of Hermiticity
in quantum mechanics was challenged by the studies of
Bender and co-authors, who demonstrated that a class of
non-Hermitian Hamiltonians possess real spectra under
the parity-time (PT ) symmetry condition, where parity-
time means spatial reflection and time reversal, x→ −x
and t → −t [1, 2]. This mathematical discovery has
generated an intense interest in the consideration of open
physical systems with balanced gain and loss and such
systems have been realized experimentally in optics [3–
8], electronic circuits [9–11], and mechanical systems [12].
PT -symmetric systems have attracted a great deal of
attention from researchers in different branches within
physics because they can demonstrate unusual and coun-
terintuitive properties such as unconventional beam re-
fraction [13], Bragg scattering [14], symmetry-breaking
transitions [3] and associated ghost states [15–18], a loss-
induced optical transparency [4], conical diffraction [19],
a new type of Fano resonance [20], chaos [21], non-
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local boundary effects [22], optical switches [23] and
diodes [24, 25], phase sensitivity of light dynamics [26–
28], and the possibility of linear and nonlinear wave
amplification and filtering [29–31]. 1D and 2D PT -
symmetric discrete models can demonstrate unexpected
instabilities [32–38]. Extensions of PT -symmetric con-
siderations in the setting of active media with not per-
fectly balanced gain and loss have also recently been pro-
posed [39–41]. The possibility of a Hamiltonian reformu-
lation of the standard PT -symmetric dimer has been re-
cently demonstrated [42] and calls for the broader ques-
tion of the potential Hamiltonian/Hermitian nature of
such systems in suitable modified variables.
Motivated by the linear oscillator problems associated
with the PT -symmetric electrical [9, 10] and mechani-
cal [12] experiments, one of the authors has recently gen-
eralized the Klein-Gordon field theory by introducing a
PT -symmetric terms within it [43], including the case ex-
ample of a localized PT -symmetric defect. A collective
coordinate method was developed in this work to describe
the kink interaction with the defect, see also [44–46]. It
was shown that standing kinks in such models are stable
if they are centered at the loss side of the defect [45] (and
unstable on the gain side), while standing breathers may
exist only if centered exactly at the interface between
gain and loss regions [46].
It should be pointed out that the interaction of solitary
waves with each other [47–50] and with local inhomo-
geneities of media has been analyzed in various settings.
E.g., early works considered the interaction of a fluxon
2with a non-conservative localized inhomogeneity in a long
Josephson junction in [51, 52]. The excitation of both the
kink’s internal mode (IM) and the defect mode, due to
the collision of the kink with a local defect, has been
described [53]. The reflection windows were observed in
the kink-impurity interactions in the sine-Gordon (SG)
[54] and φ4 [55] models. Scattering of the SG breather
by localized defects has been investigated [56]. Scatter-
ing of linear and nonlinear waves (solitons) on defects
in PT -symmetric optical waveguide arrays was analyzed
[24, 25, 29–31]. It was shown that the incident high-
amplitude solitons (or even linear wavepackets [24, 25])
can excite a mode localized on the PT -symmetric defect.
Scattering of wavepackets in such systems was shown to
depend on the direction of incidence.
Recently, the interaction of the moving kinks and
breathers with the spatially localized PT -symmetric per-
turbation was investigated in the realm of the SG field
[57]. Several new soliton-defect interaction scenarios were
observed such as the kink passing/trapping depending on
whether the kink comes from the gain or loss side of the
impurity, merger of the kink-antikink pair into breather,
and splitting of the breather into kink-antikink pair. The
collective variable method [43] was successfully applied
to calculate the kink phase shift as a result of interaction
with the impurity and the threshold kink velocity to pass
through the lossy side of the defect.
The SG kink does not support a vibrational IM, while
the kinks in the non-integrable φ4 model do support such
a mode [58, 59]. It is for that reason that the kink-
antikink interactions are far richer in the case of the φ4
model [60, 61]; see also for a recent discussion [62]. When
a kink hits an impurity in a conservative model, a part
of its energy is trapped towards the excitation of the im-
purity mode [54, 63] and another fraction leads to the
emission of radiation bursts [64]. It is of particular in-
terest to investigate the role of the kink’s IM in the case
when the kink interacts with the PT -symmetric impu-
rity. This problem is addressed here for the φ4 kinks.
The structure of the paper is as follows. In Sec. II,
following the work [43], we introduce the spatially local-
ized PT -symmetric inhomogeneity into the φ4 field and
present the well-known φ4 kink solution and the kink’s
IM profile. In Sec. III, a collective variable method is
applied and analytically solved to reveal some features
of the kink dynamics in the considered system. We re-
port on the numerical results for scattering of kinks on
the PT -symmetric defect in Sec. IV. Our conclusions and
some future directions are presented in Sec. V. A num-
ber of technical details on the analytical calculations are
presented in the Appendix.
II. THE MODEL
We consider the modified φ4 equation of the form [43]
aφtt − bφxx − cφ(1 − φ2) = dγ(x)φt, (1)
where φ(x, t) is the unknown scalar field, lower indices
denote partial differentiation and a, b, c, and d are the
coefficients. In terms of new variables t → t
√
2a/c and
x→ x
√
2b/c, Eq. (1) assumes the dimensionless form
φtt − φxx − 2φ(1− φ2) = ǫγ(x)φt, (2)
in which parameter ǫ =
√
2d2/ac controls the defect am-
plitude. In order to study the effects of a spatially lo-
calized PT -symmetric defect on traveling kinks, for the
function γ(x) we take
γ(x) = tanh(βx)sech(βx), (3)
which has the symmetry γ(−x) = −γ(x). Physically this
implies that while Eq. (2) describes an open system with
gain and loss, the gain balances the loss. Parameter β
characterizes the defect inverse width.
For γ(x) ≡ 0, we have the non-integrable φ4 equation
with the following moving kink solution
φK(x, t) = ± tanh{δk(x− x0 − Vkt)}, (4)
where Vk is the kink velocity, x0 is the kink initial po-
sition and δk = 1/
√
1− V 2k . The energy of the kink is
Ek = 4δk/3.
An approximate solution (i.e., a solution to leading or-
der in the linearization amplitude A) for the kink bearing
IM can be presented in the form [61]
ΦK(x, t) = φK(x, t) +Aξ(x, t), (5)
with the kink’s IM mode profile
ξ(x, t) =
√
3
2
tanh{δk(x−x0−Vkt)}sech{δk(x−x0−Vkt)}.
(6)
The above Ansatz leads to a kink with the IM having
amplitude A and frequency ω =
√
3. This mode has
been discussed by many authors due to its critical role in
the collision phenomenology of the φ4 model [60–62]. It
should be noted, however, that the above waveform of the
so-called “wobbling kink” does not survive indefinitely,
but rather decays over time according to a t−1/2 law, as
discussed, e.g., in [65]; see also references therein.
As it will be shown, the kink’s IM noticeably affects
the kink dynamics during the interaction with the PT -
symmetric defect and it is important from which side the
kink hits the defect.
III. COLLECTIVE VARIABLE METHOD
A two-degree of freedom collective variable model,
which takes into account not only the kink’s translational
mode but also the kink’s IM has been offered in [43]. The
φ4 kink is effectively described by the two degree of free-
dom particle of mass M = 4/3, which is the mass of
standing kink. The kink coordinate X (t) (which in the
3unperturbed case is given by x0 + Vkt as a function of
time t) and the kink’s internal mode amplitude A(t) can
be found from the following equations
M X¨ = ǫ
∫ ∞
−∞
(φ′K +Aξ
′)[(φ′K +Aξ
′)X˙ − A˙ξ]γ(x)dx, (7)
A¨ = −ω2A+ ǫ
∫ ∞
−∞
ξ[−(φ′K +Aξ′)X˙ + A˙ξ]γ(x)dx. (8)
These equations yield the general form of the nonconser-
vative forcing including the coupling between the modes.
For the case of weak coupling the above equations sim-
plify as
M X¨ = ǫX˙
∫ ∞
−∞
[φ′K(x−X )]2γ(x)dx, (9)
A¨ = −ω2A+ ǫ
∫ ∞
−∞
[ξ(x−X )]2γ(x)dx. (10)
Below in Sec. III A and Sec. III B some analytical
results for the simpler single degree of freedom model
Eq. (9) are given, while in section IV, we will present
the results of numerical solution for the two degree of
freedom model of Eqs. (7)-(8).
A. Critical kink velocity
If the kink approaches the defect from the loss side, it
must have sufficient momentum in order to avoid trap-
ping. The critical kink initial velocity Vc can be found
with the help of the collective variable method. One can
present Eq. (9) for X˙ in the form
M(X˙ − X˙0) = ǫδ2k
∫ ∞
−∞
∫ X
X0
γ(x)dxdX
cosh4[δk(x−X )]
. (11)
A kink having critical velocity must have X˙ = 0 at X =
0, i.e., the kink stops when it reaches the center of the
defect. Setting in Eq. (11) Vc = X˙0 and X˙ = 0 after
integrating over the collective variable X and x for the
initial condition X0 and recalling that the final stopping
point is X = 0 the critical velocity is given by the formula
Vc =
32ǫδ2k
M
(
G1(1)− e4δkX0G1(e2δkX0)
)
. (12)
The values of G1(1) and G1(Y) can be calculated for the
particular cases β = δk and β = δk/2, as it is shown
in Appendix VIA. In the former (latter) case the result
is given by Eq. (39) (Eq. (40)). For the kink with the
initial position X0 → −∞ (far from the defect), one finds
Vc = 32ǫδ
2
kG1(1)/M . For small kink velocity one has
δk ≈ 1 and M = 4/3 so that
Vc = 0.883ǫ. (13)
The above equation indicates that when a slow kink ap-
proaches the loss side of the defect from infinity, its criti-
cal velocity Vc is a linear function of the defect amplitude
ǫ. Note that this equation was obtained with the help
of the collective coordinate method Eq. (9), accounting
solely for the center of mass variable without taking into
account the kink’s IM.
B. Kink’s phase shift due to interaction with the
defect
The kink approaching the defect from the gain (loss)
side is first accelerated (decelerated) and then decelerated
(accelerated) when it enters the lossy (gain) side. As a
result, the kink experiences a phase shift. The phase shift
can be calculated as follows [57]
∆x = ±
∫ +∞
−∞
ǫ(F (z)−B)
ǫ(F (z)−B) +MVk dz, (14)
where the plus (minus) shows the case when the kink
comes from the loss (gain) side, Vk > 0 (Vk < 0).
For the kink solution (4) the function F (z)−B can be
cast into the particular form
F (z)−B = −δ−1k
∫ +∞
z
ds
+∞∫
−∞
γ(x)dx
cosh4[δk(x− s)]
. (15)
After changing the order of integration and integrating
over s one obtains
F (z)−B = − 2
3δk
+∞∫
−∞
γ(x) {1− tanh[δk(z − x)]
− tanh[δk(z − x)]
2 cosh2[δk(z − x)]
}
dx. (16)
The above integral can be evaluated for the case β = δk
which is considered below. By evaluating the integral
in Eq. (16) and substituting the result into Eq. (14) the
kink’s phase shift can be found as
∆x = ± 1
δk
G3
(
−MVkδ
4
k
πǫ
)
, (17)
G3(Z) :=
+∞∫
0
(y2 + 4y + 1)dy
y(y2 + 4y + 1)−Z(y + 1)4 , (18)
(see Eq. (41) and Eq. (42) in the Appendix VIB). The
phase shift can be calculated only for Z ∈ (−∞, 0) ∪
(3/8,+∞). For Z ∈ (0, 3/8) the kink hits the defect
from the loss side with the velocity smaller than Vc and
is trapped, so that the phase shift diverges. In the Ap-
pendix VIB the phase shift is calculated explicitly for
the three cases −∞ < Z < −1/8, −1/8 < Z < 0, and
3/8 < Z <∞.
4IV. NUMERICAL RESULTS
To study numerically the effect of the PT -symmetric
defect on the dynamics of the φ4 kink, we introduce
the mesh x = nh, where h is the lattice spacing, n =
0,±1,±2... and propose the following discrete version of
Eq. (2)
d2φn
dt2
− 1
h2
(φn−1 − 2φn + φn+1) +
1
12h2
(φn−2 − 4φn−1 + 6φn − 4φn+1 + φn+2)
−2φn
(
1− φ2n
)− ǫγn dφn
dt
= 0, (19)
in which φn(t) = φ(nh, t) and γn = γ(nh). It can be
seen that the term φxx in Eq. (2) is discretized with the
accuracy O(h4) which has already been used by other
authors [66, 67]. This is done to minimize the effect of
discreteness introduced by the mesh.
In order to test the result of the presented analyti-
cal method by means of direct numerical simulations we
integrated equations of motion (19) with the help of the
Sto¨rmer method with respect to the temporal variable us-
ing an explicit scheme with the accuracy of O(τ4) and the
time step τ . The simulations were managed for h = 0.1
and τ = 0.005.
To solve numerically the collective variable equations
of motion Eqs. (7,8), the temporal variable is discretized,
t = jτ , where τ is the time step and j = 0, 1, 2, .... The
second-order central differences are used to replace X¨ ∼
(Xj−1 − 2Xj + Xj+1)/τ2, X˙ ∼ (Xj+1 − Xj−1)/2τ , and
similarly for A¨ and A˙. Then Eqs. (7,8) are presented in
the form
a11Xj+1 + a12Aj+1 = b1,
a21Xj+1 + a22Aj+1 = b2, (20)
where
a11 =
2M
τ
− I1, a12 = a21 = I2, a22 = 2
τ
− I3,
b1 =
2M
τ
(2Xj −Xj−1)− I1Xj−1 + I2Aj−1,
b2 =
2
τ
(2Aj −Aj−1)− 2τω2Aj − I3Aj−1 + I2Xj−1,
I1 =
∫ ∞
−∞
(φ′K +Ajξ
′)2γ(x)dx,
I2 =
∫ ∞
−∞
(φ′K +Ajξ
′)ξγ(x)dx,
I3 =
∫ ∞
−∞
ξ2γ(x)dx. (21)
To simulate the kink with initial velocity Vk and initial
IM amplitude A, for the initial conditions we set X (j =
0) = X0, X (j = 1) = X0 + Vkτ , A(j = 0) = A(j = 1) =
A.
In the present study the simulations are carried out for
different values of the perturbation amplitude ǫ and fixed
β = 1 (the impurity width is approximately equal to the
kink width). Since we simulate relatively slow kinks with
δk ≈ 1, the collective variable analytical results, Eqs. (12)
and (17,18), calculated for β = δk are expected to have
a high accuracy.
A. Kinks bearing no initial IM
In Fig. 1 (a) the kink position as a function of time
for the kink moving toward the defect from the gain side
with the initial velocity Vk = −0.1 is presented for the
defect amplitudes ǫ = 0.1 and ǫ = 0.3, as indicated for
each curve. Solid lines present the result of numerical
integration of Eq. (19), while dashed lines give the result
of numerical integration of the collective variable model
Eq. (9). One can see that the collective variable approach
gives a very accurate prediction of the actual kink dy-
namics. From this figure it is clearly seen that the kink
moving toward the defect from the gain side is first ac-
celerated and after passing the gain side of the defect it
is decelerated by the loss side. After the kink passes the
defect and moves far from it, it seems to restore its ini-
tial velocity and energy. The effects of the kink-defect
interaction in this case are the phase shift and also the
excitation of the kink’s internal mode which will be dis-
cussed in the following.
Next, suppose a kink comes from the lossy side of the
defect. In this case, two different scenarios for the kink
interaction with the defect are possible depending on its
initial velocity Vk or defect strength ǫ, as presented in
Fig. 1 (b) for ǫ = 0.1 and ǫ = 0.3 with Vk = 0.1 in both
cases. If Vk is large enough or ǫ is small enough, the
kink passes through the lossy part of the defect with the
velocity smaller than Vk and enters the gain part where
it is accelerated up to the initial velocity and then goes
on to infinity. In the opposite case (where Vk is not large
enough or ǫ is not small enough), the kink does not pos-
sess sufficient momentum to pass through the lossy part
of the defect and it is trapped there. As one can see
from Fig. 1 (b), for the case of ǫ = 0.1, the kink passes
through the defect and effectively restores its initial ve-
locity, while for ǫ = 0.3 the kink is trapped by the lossy
side of the defect.
In Fig. 1 (c) the kink critical velocity is shown as the
function of kink initial position for the two values of de-
fect strength, ǫ = 0.1 and ǫ = 0.3. Numerical results
(solid lines) are in a very good agreement with the col-
lective variable results (dashed lines) given by Eq. (12)
for the case of β = δk = 1. The results suggest that
for the kink initially located within the loss region of
the defect the value of the critical velocity is smaller the
smaller ǫ is (which is intuitively clear), as well as smaller
the closer one starts to the x0 = 0, i.e., to the center of
the PT -symmetric defect.
Fig. 2 shows the kink kinetic energy as a function of
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FIG. 1: (Color online) (a,b) Kink position as a function of
time for the initial velocity Vk = ±0.1, for the case when the
kink approaches the defect (a) from the gain side, (b) from the
loss side. Defect center is located at x = 0. (c) Kink critical
velocity as a function of its initial position. The results for the
perturbation amplitudes ǫ = 0.1 and ǫ = 0.3 are presented.
Solid lines show the results of the numerical solution for the
continuous system and dash lines show the results obtained
with the help of the collective variable method.
time for the case when the kink, initially bearing no IM,
interacts with the PT -symmetric defect with amplitude
ǫ = 0.15. In (a,b) the kink approaches the defect from the
gain side and in (c,d) from the loss side. The kink initial
velocity is Vk = 0.25 in (a,c) and Vk = 0.4 in (b,d). As
a result of interaction with the defect, the kink in (a,b)
is firstly accelerated and then decelerated, while in (c,d)
it is first decelerated and then accelerated. In both cases
the kink’s translational velocity after passing through the
defect is practically identical to the initial velocity. Note
that the kink without the IM excited has a constant in
time kinetic energy, while the kinetic energy of the kink
with the excited IM oscillates near the constant value
with frequency 2
√
3, which is double the IM frequency.
The insets in (a,b) show that when the kink hits the
defect from the gain side, a noticeable IM is excited as
a result of the kink-defect interaction, while for the kink
0 50 100 150 200 250
0.04
0.05
0.06
0.07
0.08
0.09
0.10
0 50 100 150 200 250
0.12
0.14
0.16
0.18
0.20
0 50 100 1500.0425
0.0430
0.0435
0 50 100 150 200 250
0.01
0.02
0.03
0.04
0 50 100 150 200 250
0.06
0.08
0.10
0.12
0 50 100 1500.115
0.116
0.117
0.118
0.119
0 50 100 1500.115
0.116
0.117
0.118
0.119
0 50 100 1500.0425
0.0430
0.0435
t
E k
t
(a) (b)
 
 
(c)
t
E k
t
(d)
 
 
 
 
 
 
FIG. 2: Numerical results for the continuum model showing
the interaction of the kink initially bearing no IM with the
PT -symmetric defect of strength ǫ = 0.15. The kink ap-
proaches the defect from (a,b) the gain side and (c,d) from
the lossy side of the defect. Shown is the kink kinetic en-
ergy as a function of time. The kink initial velocity is (a,c)
Vk = 0.25 and (b,d) Vk = 0.4. Different scale used for insets
reveals that in (a,b) kink’s IM is excited after the interaction
with the defect, while in (c,d) it is not excited.
coming from the opposite direction [see insets in (c,d)],
the IM is much weaker and, in fact, cannot be seen in
the scale of the figure. The effect of kink’s IM excitation
as a result of the interaction with the defect becomes
stronger for larger initial kink velocity Vk, as can be seen
from comparison of the insets in (a) and (b). However, it
is clear that the presence of the IM does not preclude the
kink from traveling through the defect, when it comes
from the gain side. In fact, as we will see now, quite the
opposite is true.
The results obtained for the partial differential equa-
tion of (2) and presented in Fig. 2 will be now compared
to the results of the numerical solution of Eqs. (7,8) for
the two degree of freedom collective variable model, see
Fig. 3. In (a,b) we plot the amplitude of the shape mode
as the function of time. Here the kink with initial veloc-
ity Vk = ±0.4 hits the defect of amplitude ǫ = 0.15 from
the gain side (Fig. 3 (a)) and loss side (Fig. 3 (b)). It
can be seen that for the kink coming from the gain side
a noticeable IM is excited after the interaction with the
defect, whereas for the kink moving in the opposite direc-
tion the residual excitation is much weaker and is barely
visible in the scale of the figure. This is in very good qual-
itative agreement with the results for continuum model.
In Fig. 3 (c) the amplitude of the shape mode after the
interaction with the defect is plotted as the function of
kink initial velocity for the case when kink hits the defect
from the gain side. The plot (see Fig. 3 (c)) shows that
the amplitude increases with increasing kink initial ve-
locity. Again, this is in line with the observations made
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FIG. 3: Collective variable results for the model Eqs. (7,8).
(a,b) The dynamics of the internal shape mode whose ampli-
tude A(t) is shown for the case when the kink comes from
(a) gain side and (b) loss side. The perturbation amplitude is
ǫ = 0.15 and the the initial velocity of the kink is Vk = ±0.4.
(c) Amplitude of the shape mode after the interaction with
the defect as a function of kink initial velocity for the case
when kink hits the defect from the gain side.
for the continuum system.
B. Kinks with initially excited IM
Here, the scattering of a kink bearing an IM on PT -
symmetric defect is considered. The intensity of the IM
will be characterized by the amplitude of the kink kinetic
energy oscillation caused by the IM, ∆Ek = (Ek,max −
Ek,min)/2, where Ek,max and Ek,min are the maximum
and minimum of the kink kinetic energy.
The kink with the IM is excited with the help of Eq. (5)
using the IM amplitude A = 0.05 and two values of ini-
tial kink velocity, Vk = 0.25 and Vk = 0.3. For these
two cases the amplitude of the initial kink kinetic en-
ergy oscillation, ∆Eik, is equal to 0.00269 and 0.00330,
respectively. These initial values are plotted in Fig. 4
with horizontal dotted lines. Now we calculate the value
of ∆Efk after the kink passes through the defect with the
amplitude ǫ = 0.15 as a function of the kink initial posi-
tion and present the results by solid lines in Fig. 4 for the
kink moving from (a) the gain and (b) the loss side of the
defect. In (a), it is clear that the kink’s IM is affected
by the defect because ∆Efk differs from ∆E
i
k, while in
(b) they almost coincide, which means that the IM am-
plitude is not changed by the defect. The oscillation of
∆Efk as the function of kink initial position x0 in (a) has
the period close to Vk(2π/ω), which is the distance the
kink travels in one period of IM oscillation.
Similar results obtained in frame of the two degree of
freedom collective variable model Eqs. (7,8) are presented
in Fig. 5. The initial (Aik) and final (A
f
k) amplitudes of
the kink’s shape mode are shown as functions of the kink
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FIG. 4: Numerical results for the continuum model. Am-
plitude of the kink kinetic energy oscillation before (∆Eik,
dotted lines) and after (∆Efk , solid lines) the interaction with
the PT -symmetric defect as a function of kink initial posi-
tion for the two different values of the kink initial velocities,
Vk = 0.25 and Vk = 0.3. The defect amplitude is ǫ = 0.15. In
(a) the kink comes from the gain side and (b) from the loss
side.
initial position by the dotted and solid lines, respectively.
In (a) the kink hits the defect with amplitude ǫ = 0.15
from the gain side and in (b) from the loss side. The kink
initially has IM with the amplitude A = 0.05 and the ini-
tial velocities of the kinks are Vk = 0.25 (thin line) and
Vk = 0.3 (thick line) in both cases. In very good qual-
itative agreement with the results for continuum model,
the collective variable model shows that in (a) the kink’s
IM is affected by the defect, while in (b) it is not, since
all the three lines overlap.
The results shown in Fig. 6 demonstrate that the kink
bearing an excited IM penetrates more easily through the
dissipative media. In Fig. 6 (a), the kink critical velocity
as a function of the perturbation strength ǫ is shown for
the kink bearing an IM with the amplitude A = 0 (solid
line), A = 0.05 (dot-dashed line), and A = 0.1 (dot-
dot-dashed line). One can see that Vc is almost linear
function of ǫ with a slope denoted by σ. It is clear that
for given perturbation strength ǫ the critical velocity de-
creases with increase in the IM amplitude A. In Fig. 6 (b)
we plot the value of σ/σ0 as a function of A, where σ0
corresponds to A = 0. The slope σ decreases with an in-
creasing IM amplitude indicating that the translational
degree of freedom of the kink when the IM is excited
is less affected by the perturbation. That is to say, the
transparency of the defect to the kink transmission is
increased as the IM excitation is increased.
In Fig. 7 we contrast the dynamics of the kinks with
and without IM in the case of homogeneous perturbation
γ(x) ≡ 1 with (a) ǫ = 0.005 (purely gain, hence acceler-
ation) and (b) ǫ = −0.005 (purely loss, hence decelera-
tion). Two values of initial kink velocities are considered
in both cases, namely, 0.15 and 0.3. The kink center
717.0 17.5 18.0 18.5 19.0
0.040
0.042
0.044
0.046
0.048
0.050
0.052
0.054
0.056
0.058
0.060
-19.0 -18.5 -18.0 -17.5 -17.0
0.040
0.042
0.044
0.046
0.048
0.050
0.052
0.054
0.056
0.058
0.060
V
k
=0.25
Ai k
 , 
A 
f k
x
0
(a)
V
k
=0.3
Ai k
 , 
A 
f k
, V
k
=0.3V
k
=0.25
(b)
x
0
FIG. 5: Collective variable results for the model Eqs. (7,8).
The amplitude of the kink’s internal shape mode before (Aik,
dotted lines) and after (Afk, solid lines) the interaction with
the PT -symmetric defect as a function of the kink initial po-
sition for the two different values of the kink initial velocities,
Vk = 0.25 (thin line) and Vk = 0.3 (thick line). The defect
amplitude is ǫ = 0.15. In (a) the kink comes from the gain
side and (b) from the loss side.
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FIG. 6: Results for the continuum model. (a) Relation be-
tween the critical initial velocity of the kink and the defect
amplitude for the kink with IM amplitude A = 0 (solid line),
A = 0.05 (dot-dash line), and A = 0.1 (dot-dot-dash line).
The dependencies are nearly linear with the slope σ decreas-
ing with an increase in the IM amplitude A. (b) The value
σ/σ0 as the function of A, where σ0 corresponds to A = 0.
position as a function of time is shown for the cases of
no IM, A = 0 (solid lines), and for the IM of amplitude
A = 0.05 (dash-dotted lines). It can be seen that in all
cases the kink with an excited IM travels faster than the
kink without IM. In other words, the kink bearing IM
in the gain media is accelerated faster and in the loss
media it is decelerated slower. From here it immediately
follows that the phase shift due to interaction with the
PT -symmetric defect must be higher (lower) for the kink
with IM when it comes from the gain (loss) side. This is
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FIG. 7: (Color online) Results for the continuum model. Dy-
namics of kinks with initial velocities equal to 0.15 and 0.3
in the case of homogeneous perturbation γ(x) ≡ 1 with (a)
ǫ = 0.005 (gain) and (b) ǫ = −0.005 (loss). Solid lines are for
the IM amplitude A = 0 and dash-dot lines for A = 0.05. The
kink trajectories show that the velocity of the kink gradually
increases in (a) (decreases in (b)), and the kink velocity is
always higher for the kink with IM.
illustrated by Fig. 8 in which the kink’s phase shift due
to interaction with the PT -symmetric defect of strength
ǫ = 0.2 is presented as a function of its initial velocity.
Solid lines show the results of the numerical solution for
the kink without IM, dot-dashed lines indicate the kink
bearing an IM with amplitude A = 0.01. Note that in (a)
the kink moves toward the defect from the gain side and
the phase shift is higher for the kink bearing IM. In (b)
the kink approaches the defect from the opposite side
and the phase shift is higher for the kink without IM.
The vertical dotted line in (b) shows the critical value
of the initial kink velocity, Vc. For comparison, dashed
lines in Fig. 8 show the results obtained with the help
of the collective variable method of Eqs. (14) and (16).
Note that the accuracy of the collective variable method
is very high for the kink without IM.
V. CONCLUSIONS
Interaction of the φ4 kinks with and without IM ex-
citation with the PT -symmetric defect having balanced
regions of positive and negative dissipation was investi-
gated numerically, as well as analytically with the help
of the collective variable model.
Similar to the SG kink studied earlier [57], a φ4 kink
coming from the gain side always passes through the
defect and practically restores its initial velocity (see
Fig. 1 (a)). For the kink approaching the defect from the
opposite side, there exist two different scenarios, depend-
ing on the kink initial velocity Vk. For Vk < Vc, where
Vc is a threshold value of the velocity, the kink does not
have enough energy to pass through the defect and it is
80.2 0.3 0.4
0.5
1.0
1.5
2.0
2.5
3.0
0.2 0.3 0.4
0
1
2
3
4
5
6
7
8
9
10
11
12
x
-Vk
(a)
x
(b)
Vk
 
FIG. 8: (Color online) Results for the continuum model and
collective variable results of Eqs. (14,16). The kink’s phase
shift due to the interaction with the PT -symmetric defect as
a function of kink initial velocity for the kink moving toward
the defect with strength ǫ = 0.2 (a) from the gain side and (b)
from the loss side. Solid lines show the results of numerical
solution for the kink without IM, dot-dash lines for the kink
bearing IM with amplitude A = 0.01. Dashed lines show
the results obtained with the help of the collective variable
method. The vertical dotted line in (b) shows the threshold
kink velocity Vc = 0.176.
trapped by the lossy side of the defect (see Fig. 1 (b)),
while for Vk > Vc it enters the gain region and effectively
restores initial velocity.
In contrast to the SG kink, the φ4 kink possesses an
internal mode. From our numerical results presented in
Fig. 2 it follows that a noticeable IM is excited on the φ4
kink after passing the defect from the gain side and the
excitation of IM is much weaker for the kink moving in
the opposite direction. The excitation of the kink’s IM
increases with increasing kink initial velocity; see Fig. 2
(a) and (b). These effects are well reproduced by the two
degree of freedom collective variable model Eqs. (7,8), as
shown in Fig. 3.
On the other hand, a kink moving from the gain side
with an initially excited IM passes through the defect
with the IM having, generally speaking, different ampli-
tude, and the effect is stronger for faster kinks [see Fig. 4
(a)]. For the kink moving in the opposite direction the
initially excited IM is not affected by the defect [see Fig. 4
(b)]. Analogous results obtained with the use of the col-
lective variable model (see Fig. 5) are in good agreement
with the results for the continuum φ4 model shown in
Fig. 4.
The kink bearing an IM is faster accelerated in the gain
region and slower decelerated in the loss region of the de-
fect in comparison to the kink free of the initially excited
IM. As a result, (i) the critical velocity to pass through
the loss region is smaller for the kink with IM (see Fig. 6)
and (ii) the phase shift due to the passage through the
defect increases when the kink with IM hits the defect
from the gain side and decreases in the opposite case [see
Fig. 8 (a) and (b)].
The single degree of freedom collective variable model
gives a very good prediction of the dynamics of the kink’s
center. Analytical expressions for the kink phase shift
and kink critical velocity were derived in frame of this
model.
We conclude that the PT -symmetric defects give new
opportunities in the manipulation of the soliton dynam-
ics and the presence of the internal modes can induce
noticeable asymmetries of the solitary wave-defect inter-
action both in terms of their excitation, as well as of the
kink transmission in the presence of such a mode.
In future work, it would be of interest to study the
φ4 kink dynamics in the case of PT -symmetric, periodic
γ(x). According to the results presented here, kink ac-
celeration can be expected when an IM is excited, even
though the gain and loss is balanced in the model. Con-
sideration of the fields with radial symmetry [68] and
models of higher dimension is also very tempting. In
the one dimensional realm, however, it would also be
of particular interest to explore the very rich setting of
kink-antikink collisions in the presence of defects. Fi-
nally, while a detailed understanding is at this point
available based on collective coordinate techniques in
the Klein-Gordon field theoretic setting, the picture of
soliton-defect interaction and the role of internal modes
is far less clear in nonlinear Schro¨dinger equation set-
tings, where such questions are just starting to be ex-
plored [69]. Hence, it would be of particular value to
expand on such studies in the near future. These topics
are presently under investigation and will be reported in
future publications.
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9VI. APPENDIX
An attempt to apply commercial symbolic derivation
software did not generically provide a satisfactory result.
For this reason, in Sec. VIA we calculate analytically the
kink critical velocity to pass through the lossy part of the
defect and the kink phase shift due to the interaction with
the defect. In Sec. VI B, for the particular case of β = δk,
the phase shift is given in a closed form.
A. Analytic results
Given any two numbers X0 and X , we denote
g(X0,X ) :=
+∞∫
−∞
dx
X∫
X0
γ(x)ds
cosh4(δk(x− s))
=
+∞∫
−∞
dx γ(x)
X∫
X0
ds
cosh4 δk(x− s)
.
(22)
It is clear that for our choice of γ(x)
γ(x) = − 1
β
d
dx
1
coshβx
(23)
and thus we can integrate by parts in (22):
g(X0,X ) = 1
β
+∞∫
−∞
1
coshβx
(
1
cosh4(δk(x−X ))
− 1
cosh4 δk(x− X0)
)
dx.
We introduce the notation
G(X ) := 1
β
+∞∫
−∞
dx
coshβx cosh4 δk(x−X )
(24)
and see that
g(X0,X ) = G(X ) −G(X0). (25)
By a simple change of variable x 7→ δkx we reduce the
formula for G(X ) to
G(X ) = 1
βδk
+∞∫
−∞
dx
cosh βδk x cosh
4(x− δkX )
. (26)
Now we make our main assumption:
β =
2m− 1
n
δk, n,m ∈ N. (27)
This assumption is quite general in the sense that given
any β and δk, we can always approximate with any pre-
scribed accuracy the fraction β/δk choosing appropriate
m and n.
In view of (27) formula (26) casts into the form
G(X ) = n
(2m− 1)δ2k
+∞∫
−∞
dx
cosh 2m−1n x cosh
4(x− δkX )
.
Here we make one more change of variable x = n ln y. It
yields
G(X ) = 2
5n2
(2m− 1)δ2k
e4δkXG1(e
2δkX ), (28)
where
G1(Y) :=
+∞∫
0
y4n+2m−2dy
(y4m−2 + 1)(y2n + Y)4
=
1
2
+∞∫
−∞
y4n+2m−2dy
(y4m−2 + 1)(y2n + Y)4 , Y > 0.
It is straightforward to check that
G1(Y) = 1
12
d2G2
dY2 (Y),
G2(Y) :=
+∞∫
−∞
y4n+2m−2dy
(y4m−2 + 1)(y2n + Y)2 .
(29)
The differentiation w.r.t. a parameter Y is possible, since
the integral in the definition of G2(Y) converges uni-
formly in Y. We also observe that although formally it
is possible, we do not pass to the third derivative w.r.t.
Y in the latter formula since it leads us to a diverging
integral.
We calculate function G2 by means of complex anal-
ysis. Namely, we employ an approach based on finding
residues, see for instance, [70, Ch. VI, Sect. 3]. In accor-
dance with these approach, we first regard y as a complex
variable and consider the integrand in (29) as a meromor-
phic function defined on the complex plane C. Then in
accordance with the Cauchy theorem function G2 is given
by the formula:
G2(Y) = 2πi
∑
j
res
y=yj
y4n+2m−2
(y4m−2 + 1)(y2n + Y)2 , (30)
where i stands for the imaginary unit and the sum is
taken over all the poles in the complex upper half-plane
Im y > 0. The symbol res
y=yj
f denotes the residue of the
function at a pole yj . We recall that the residue at y = yj
of a meromorphic function is a coefficient at the power
(y − yj)−1 in the Laurent expansion for a function at
point yj.
In our case the poles are exactly the roots of the equa-
tion
(y4m−2 + 1)(y2n + Y)2 = 0.
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The roots located in the complex upper half-plane are
y
(m)
j = e
ipi(2j+1)
4m−2 , j = 0, . . . , 2m− 2,
y
(n)
j = Y
1
2n e
ipi(2j+1)
2n , j = 0, . . . , n− 1.
To calculate the residues at these poles, we need to find
the coefficients c
(♮)
j in the expansions
y4n+2m−2
(y4m−2 + 1)(y2n + Y)2 = . . .+
c
(♮)
j
y − y(♮)j
+ . . . , (31)
as y → y(♮)j , where ♮ = n,m.
Suppose Y 6= 1 and let us find first the desired coef-
ficients for y
(m)
j . We should just represent (y
4m−2 + 1)
as
y4m−2 + 1 = (y − y(m)j )P (m)j (y), (32)
where P
(m)
j is a some polynomial. Then
c
(m)
j =
(y
(m)
j )
4n+2m−2
P
(m)
j (y
(m)
j )
(
(y
(m)
j )
2n + Y
)2 .
Differentiating (30) w.r.t. y and letting then y = y
(m)
j ,
we get
P
(m)
j (y
(m)
j ) = (4m− 2)(y(m)j )4m−3 = −
4m− 2
y
(m)
j
. (33)
Hence,
c
(m)
j =−
(y
(m)
j )
2m+4n−1
(4m− 2)
(
(y
(m)
j )
2n + Y
)2
=
(y
(m)
j )
4n−1
(4m− 2)
(
(y
(m)
j )
2n + Y
)2
=
e
ipi
4m−2 (2j+1)(4n−1)
(4m− 2)
(
e
ipin
2m−1 (2j+1) + Y
)2 ,
(34)
where j = 0, . . . , 2m− 2.
The calculations of the residues for y
(n)
j are more tricky
since the function in the right hand side of (29) has sec-
ond order poles at y
(n)
j . By analogy with (32) we intro-
duce the representation
y2n + Y = (y − y(n)j )P (n)j (y) (35)
and differentiating it once and twice and letting then y =
y
(n)
j , in the same way as in (33) we obtain
P
(n)
j (y
(n)
j ) = −
2nY
y
(n)
j
,
dP
(n)
j
dy
(y
(n)
j ) = −
n(2n− 1)Y
(y
(n)
j )
2
.
(36)
Let h(y) := y4n+2m−2/(y4m−2 + 1), then it follows from
(31) that
c
(n)
j =
d
dy
h
(P
(n)
j )
2
∣∣∣∣
y=y
(n)
j
=
h′(ynj )(
P
(n)
j (y
n
j )
)2 − 2h(y
(n)
j )P
(n)
j
′
(y
(n)
j )(
P
(n)
j (y
(n)
j )
)3 .
Thus, due to the definition of h, y
(n)
j , and (36)
c
(n)
j =
h′(ynj )(y
(n)
j )
2 − (2n− 1)h(y(n)j )y(n)j
4n2Y2
=
h(y
(n)
j )y
(n)
j
4n2Y2
(
y
(n)
j
d lnh
dy
(ynj )− 2n+ 1
)
=
1
4n2
(
2n+ 2m− 1 + 4m− 2
(y
(n)
j )
4m−2 + 1
)
· (y
(n)
j )
2m−1
(y
(n)
j )
4m−2 + 1
=
1
4n2
(
2n− 2m− 1 + 4m− 2
Y 2m−1n e ipi(2j+1)(2m−1)2n + 1
)
· Y
2m−1
2n e
ipi(2j+1)(2m−1)
2n
Y 2m−1n e ipi(2j+1)(2m−1)n + 1
.
We substitute the above formulae and (34) for the
residues into (30) and obtain the final expression for G2:
G2(Y) = πi
2m− 1
2m−2∑
j=0
e
ipi(2j+1)(4n−1)
4m−2(
e
ipin
4m−2 (2j+1) + Y
)2
+
πi
2n2
n−1∑
j=0
(
2n− 2m− 1 + 4m− 2
Y 2m−1n e ipi(2j+1)(2m−1)2n + 1
)
· Y
2m−1
2n e
ipi(2j+1)(2m−1)
2n
Y 2m−1n e ipi(2j+1)(2m−1)n + 1
.
In view of (29) it leads us to the formula for G1:
G1(Y) = πi
4m− 2
2m−2∑
j=0
e
ipi(2j+1)(4n−1)
4m−2(
e
ipin
2m−1 (2j+1) + Y
)4
+
πi
24n2
n−1∑
j=0
d2
dY2
(
2n− 2m− 1 + 4m− 2
Y 2m−1n e ipi(2j+1)(2m−1)2n + 1
)
· Y
2m−1
2n e
ipi(2j+1)(2m−1)
2n
Y 2m−1n e ipi(2j+1)(2m−1)n + 1
.
(37)
Although in the above calculations we have supposed
that Y 6= 1, it is clear that G1 is a continuous function
and thus we can find G1(1) as
G1(1) = lim
Y→1
G1(Y).
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It also follows from (25), (28) that the critical velocity is
given by the formula
Vc =
ǫδ2k
M
g(0,X0)
=
32n2ǫδ2k
M(2m− 1)
(
G1(1)− e4δkX0G1(e2δkX0)
)
,
(38)
where G1 is determined by the above formulae.
In particular, if n = m = 1, then β = δk,
G1(Y) = π
32
Y3 − 9Y2 + 16Y 32 − 9Y + 1
Y 32 (Y − 1)4
=
π
32
Y + 4Y 12 + 1
Y 32 (Y 12 + 1)4 ,
(39)
G1(1) =
3π
256
.
For n = 2, m = 1 we have β = δk/2,
G1(Y) = π
512Y 74 (1 + Y)4
(
5
√
2Y 72 − 7
√
2Y3 + 35
√
2Y 52
− 105
√
2Y2 − 105
√
2Y 32 + 256Y 74 + 35
√
2Y
− 7
√
2Y 12 + 5
√
2
)
,
G1(1) =
256− 144√2
8192
π.
(40)
B. Phase shift
We find the phase shift only in the case β = δk, i.e., for
n = m = 1 in (27). The reason is that in other cases the
calculations become too bulky and yield finally multiline
formulae. One more reason is that for other values of m
and n, in the calculations we face with the problem of
finding roots for polynomials of high degrees and we can
not find them explicitly.
We proceed to the calculations. First we compare for-
mulae (15) and (22) and see that by (25)
F (z)−B = − 1
δk
g(z,+∞) = 1
δk
G(z).
Hence, it follows from (28), (39) that
F (z)−B = 2
5
δ3k
e4δkzG1(e
2δkz) =
π
δ3k
eδkz(e2δkz + 4eδkz + 1)
(eδkz + 1)4
.
We substitute this formula into (14) and make the change
of variable y = eδkZ :
∆x = ± 1
δk
G3
(
−MVkδ
4
k
πǫ
)
, (41)
G3(Z) :=
+∞∫
0
(y2 + 4y + 1)dy
y(y2 + 4y + 1)−Z(y + 1)4 . (42)
It is easy to check the estimate
0 6
y(y2 + 4y + 1)
(y + 1)4
6
3
8
, y ∈ [0,+∞),
and thus, function G3(Z) is well-defined only for Z ∈
(−∞, 0) ∪ (3/8,+∞). In what follows we assume that
Z = −MVkδ4kπǫ ranges exactly in this domain.
The integrand in (42) is a rational function and to
integrate it, we need to expand it into the sum of simple
fractions. The latter requires the knowledge of the roots
for the denominator. Fortunately, we are able find these
roots explicitly. They are given by the identities:
y1 :=− 4Z − 1 +
√
1 + 8Z
4Z
+
√
1 + (4Z − 1)√1 + 8Z
2
√
2Z ,
y2 :=− 4Z − 1 +
√
1 + 8Z
4Z
−
√
1 + (4Z − 1)√1 + 8Z
2
√
2Z ,
y3 :=− 4Z − 1−
√
1 + 8Z
4Z
+
√
1− (4Z − 1)√1 + 8Z
2
√
2Z ,
y4 :=− 4Z − 1−
√
1 + 8Z
4Z
−
√
1− (4Z − 1)√1 + 8Z
2
√
2Z .
(43)
Generally speaking, there roots are complex-valued
and this is why we fix the branch of the square root by
the requirement
√
eiθ = ei
θ
2 , θ ∈ (−π, π].
We consider first the case 1 + 8Z < 0, i.e., Z ∈
(−∞,−1/8). Here all the roots are complex-valued.
Roots y1 and y3 are complex-conjugate and the same
is true for y2, y4:
y1 = P1 + iQ1, y2 = P2 + iQ2,
y3 = P1 − iQ1, y4 = P2 − iQ2.
(44)
The denominator in (42) obeys the representation:
y(y2 + 4y + 1)−Z(y + 1)4
= −Z((y − P1)2 +Q21)((y − P2)2 +Q22).
By means of this representation it is straightforward to
make sure that
(y2 + 4y + 1)dy
y(y2 + 4y + 1)−Z(y + 1)4 =−
1
Z
(
K1(y − P1) +K2
(y − P1)2 +Q21
− K1(y − P2) +K3
(y − P2)2 +Q22
)
,
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where
K1 :=
K3 −K2 + 1
P1 − P2 ,
K2 :=
((
Q22 +Q
2
1 + (P2 − P1)2
)
(P 21 + 4P1 + 1)
+Q21
(
P 21 +Q
2
1 − P 22 −Q22 − 2P1P2 − 8P2 − 2
))
/
(
(P 22 +Q
2
2 − P 21 −Q21)2
− 4(P1 − P2)(P2(P 21 +Q21)− P1(P 22 +Q22))
)
,
K3 :=−
((
Q22 +Q
2
1 + (P2 − P1)2
)
(P 22 + 4P2 + 1)
+Q22
(
P 22 +Q
2
2 − P 21 −Q21 − 2P1P2 − 8P1 − 2
))
/
(
(P 22 +Q
2
2 − P 21 −Q21)2
− 4(P1 − P2)(P2(P 21 +Q21)− P1(P 22 +Q22))
)
.
(45)
Now we employ obvious formulae∫ (
K1(y − P1) +K2
(y − P1)2 +Q21
− K1(y − P2) +K3
(y − P2)2 +Q22
)
dy
=
K1
2
ln
(y − P1)2 +Q21
(y − P2)2 +Q22
+
K2
Q1
arctan
y − P1
Q1
− K3
Q2
arctan
y − P2
Q2
to obtain
G3(Z) =K1
2Z ln
P 21 +Q
2
1
P 22 +Q
2
2
− π
2Z
(
K2
|Q1| −
K3
|Q2|
)
− K2
Q1Z arctan
P1
Q1
+
K3
Q2Z arctan
P2
Q2
.
This formula, (45), (43), (44), (42), and (41) provide the
final expression for the phase shift once
MVkδ
4
k
πǫ >
1
8 .
We proceed to the case Z ∈ (−1/8, 0). Here all the
roots y1, . . . , y4 are real and negative. The denominator
in (42) can be represented as
y(y2+4y+1)−Z(y+1)4 = −Z(y−y1)(y−y2)(y−y3)(y−y4).
The integrand in (42) can be expanded as
y2 + 4y + 1
y(y2 + 4y + 1)−Z(y + 1)4 = −
1
Z
(
R1
y − y1 +
R2
y − y2
+
R3
y − y3 +
R4
y − y4
)
,
where
R1 :=
y21 + 4y1 + 1
(y1 − y2)(y1 − y3)(y1 − y4) ,
R2 :=
y22 + 4y2 + 1
(y2 − y1)(y2 − y3)(y2 − y4) ,
R3 :=
y23 + 4y3 + 1
(y3 − y1)(y3 − y2)(y3 − y4) ,
R4 :=
y24 + 4y4 + 1
(y4 − y1)(y4 − y2)(y4 − y3) .
(46)
Integrating the obtained identity, we get
G3(Z) = 1Z
4∑
j=1
Rj ln |yj |. (47)
Together with (41), (42), (43), (46) it leads us to the
formula for the phase shift as 0 <
MVkδ
4
k
πǫ <
1
8 .
It remains to study the case Z ∈ (3/8,+∞). Here
the roots y1, y2 are real and negative, while y3, y4 are
complex-valued and complex conjugate:
y3 = P3 + iQ3, y4 = P3 − iQ3. (48)
The representation for the denominator in (42) reads as
y(y2+4y+1)−Z(y+1)4 = −Z(y−y1)(y−y2)
(
(y−P3)2+Q23
)
.
The integrand in (42) satisfies the identity
y2 + 4y + 1
y(y2 + 4y + 1)−Z(y + 1)4 =−
1
Z
(
L1
y − y1 +
L2
y − y2
− (L1 + L2)(y − P3) + L3
(y − P3)2 +Q23
)
,
where
L1 :=
y21 + 4y1 + 1(
(P3 − y1)2 +Q23
)
(y1 − y2)
,
L2 :=
y22 + 4y2 + 1(
(P3 − y2)2 +Q23
)
(y2 − y1)
,
L3 :=− P3(L1 + L2) + y1L1 + y2L2 − 1.
(49)
Integrating the above formulae, we arrive at
G3(Z) = 1Z
(
L1 ln |y1|+ L2 ln |y2|
− L1 + L2
2
ln(P 23 +Q
2
3)
+
πL3
2|Q3| +
L3
Q3
arctan
P3
Q3
)
.
This formula, (41), (42), (43), (48), (49) yield the ana-
lytic expression for the phase shift once
MVkδ
4
k
πǫ < − 38 .
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